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Abstract
We show that if R is a Strong Mori domain (SM domain) and T is a w-overdomain of R
such that T ⊆ Rwg, then T is an SM domain; if R is an SM domain, then RS is an SM domain
for any generalized multiplicative system S of R. Finally, we give an example such that an
intersection with 6niteness condition of SM domains is not an SM domain. c© 2001 Elsevier
Science B.V. All rights reserved.
MSC: 13A15;13B30;13E99;13F05
0. Introduction
An integral domain R is a Strong Mori domain (SM domain) if R satis6es ACC on
w-ideals. A Noetherian domain is obviously an SM domain and every SM domain is
a Mori domain. Fanggui and McCasland introduced the concept of SM domains and
investigated their properties [5,6]. Recently, the author added some more results [9].
SM domains possess many properties regarding w-ideals that one 6nds in a Noetherian
domain and a Mori domain regarding all ideals and v-ideals, respectively. Of course
some rather desirable properties do not carry over. The purpose of this paper is to
continue our investigation of SM domains.
Throughout this note R denotes an integral domain with quotient 6eld K . An ideal
J of R is called a Glaz–Vasconcelos ideal (GV-ideal), denoted by J ∈GV (R), if J
is 6nitely generated and J−1 =R. For A∈F(R), the set of fractional ideals of R, the
operation A → Aw = {x∈K | Jx ⊆ A for some J ∈GV (R)} is called the w-operation
and it gives an example of a star operation of 6nite character. An ideal A of R is called
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a w-ideal if A=Aw. Let w-max(R) denote the set of ideals of R which are maximal
in the set of all w-ideals of R. The w-dimension of R (denoted by w-dimR) is de6ned
by sup{ht P |P ∈w-max(R)}.
A torsion-free R-module M is called a w-module if J ∈GV (R), x∈M ⊗ K , and
Jx∈M imply x∈M . The w-envelope of M is the set given by Mw = {x∈M ⊗K | Jx ⊆
M for some J ∈GV (R)}. Let T be an overdomain of R. If T is a w-module (as
an R-module) then we say that T is a w-overdomain of R. It is clear that for any
overdomain T of R, Tw is a w-overdomain of R. A w-module M is called an SM
module if M satis6es ACC on w-submodules. R is an SM domain if R is an SM
module, in other words, R satis6es ACC on w-ideals. It is convenient to recall the
following from [5,6], which will be often used: R is an SM domain if and only if
each prime w-ideal of R is of 6nite type if and only if RP is Noetherian for every
P ∈w-max(R) and R=⋂{RP |P ∈w-max(R)} has the 6nite character.
1. w-Global transforms of Strong Mori domains
Matijevic in [8] has introduced the notion of “the global transform of R”, which is
de6ned to be the set Rg= {x∈K |M1 · · ·Mkx ⊆ R where Mi ∈max(R)}, and showed
that if R is Noetherian, then any ring T such that R ⊆ T ⊆ Rg is Noetherian. As a
corollary, it follows that if, in addition, dimR=1, then Rg=K and T is Noetherian
with dimT6 1. This is known as the Krull–Akizuki Theorem and its w-analogue
has been proved in [6, Theorem 3.4]. Now we give the w-analogue of Matijevic’s
result. De6ne the w-global transform of R to be the set {x∈K |M1 · · ·Mkx ⊆ R where
Mi ∈w-max(R)}. We denote this set by Rwg. It is clear that Rwg is a subring of K
containing R.
Lemma 1.1. Rg ⊆ Rwg.
Proof. Let x∈Rg\{0}, then there exist M1; : : : ; Mk ∈max(R) such that M1 · · ·Mkx ⊆ R,
i.e., M1 · · ·Mk ⊆ R :R x. Since R :R x is a divisorial ideal, it is a w-ideal and so we have
(M1 · · ·Mk)w ⊆ R :R x. Assume that Mi is a w-ideal for i6 r and (Mi)w =R for i¿ r.
If r=0, then x∈R ⊆ Rwg. If r 
=0, then M1 · · ·Mr ⊆ (M1 · · ·Mr)w =(M1 · · ·Mk)w ⊆
R :R x. Since for i=1; : : : ; r, Mi is a w-ideal and a maximal ideal, it is clearly a maximal
w-ideal. Therefore x∈Rwg.
Lemma 1.2. If R is an SM domain with w-dimR=1; then Rwg=K .
Proof. Let x∈K \ R, then I =R :Rx is a proper divisorial ideal of R. Since I is a
w-ideal of R, I has only 6nitely many maximal primes, say M1; : : : ; Mk and each Mi
is a prime w-ideal [5, Theorem 4:9]. Clearly, then each Mi belongs to w-max(R).
Since R is an SM domain, Mi =(Ii)w for some 6nitely generated ideal Ii. We have√
I =M1 ∩ · · · ∩ Mk ⊇ M1 · · ·Mk ⊇ I1 · · · Ik . Since I1 · · · Ik is 6nitely generated,
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I ⊇ (I1 · · · Ik)n for some n, then I = Iw ⊇ ((I1 · · · Ik)n)w =((M1 · · ·Mk)n)w. It follows
that (M1 · · ·Mk)n ⊆ I =R :Rx and thus x∈Rwg.
Remark 1.3. Since w-max(R)= t-max(R) ([2, Corollary 2:17] or [9, Lemma 2.1]),
Lemma 1.2 holds more generally for Mori domains R of t-dimR=1. To see this,
just recall that the intersection R=
⋂{RM |M ∈ t-max(R)} has the 6nite character [3,
Proposition 2:2] and each divisorial ideal of R is of 6nite type.
As a matter of fact, Lemma 1.2 holds for any domain R of t-dimR=1 with t-6nite
character and with the property that each t-ideal contains a power of its radical.
Examples of domains of this type that are not Mori are given in the paper [4].
We now show that the inclusion in Lemma 1.1 can be proper.
Example 1.4. Let R= k[X; Y ](X;Y ) where X; Y are indeterminates, k any 6eld. Then
R is a Krull domain, whence R is an SM domain with w-dimR=1, so that by
Lemma 1.2, Rwg= k(X; Y ). It is easy to check that 1=X 
∈Rg. Thus we have
Rg( Rwg.
Theorem 1.5. Let R be an SM domain and let T be a w-overdomain of R such that
T ⊆ Rwg. Then T is an SM domain.
Proof. Let Q be a nonzero w-prime ideal of T . Since Q ∩R 
=(0), choose x∈Q ∩R \
{0}. Since R is an SM domain, there are only 6nitely many maximal w-ideals of R
containing x, say M1; : : : ; Mn [6, Theorem 1:9].
Let M ∈w-max(R). Then RM ⊆ TM ⊆ (Rwg)M . We now show that (Rwg)M ⊆ (RM )g.
Let y∈Rwg, then there exist P1; : : : ; Pk ∈w-max(R) such that P1 · · ·Pky ⊆ R. We may
assume that P1 = · · ·=Pr =M and Pi 
=M for i¿ r. Since Pi; M ∈w-max(R), Pi 
⊆ M
for i¿ r. It follows that P1 · · ·Pry=Mry ⊆ RM , i.e., (MRM )ry ⊆ RM . Thus y∈ (RM )g
and Rwg ⊆ (RM )g. Therefore (Rwg)M ⊆ (RM )g.
Since RM is Noetherian [6, Theorem 1:9] and RM ⊆ TM ⊆ (RM )g, TM is Noetherian
[8, Corollary]. Hence for each i=1; : : : ; n there exists a 6nitely generated ideal Ii such
that Ii ⊆ Q and QTMi = IiTMi . Letting I = I1 + · · · + In + (x) we have QTM = ITM
for all M ∈w-max(R). Since T is a w-overdomain of R and Q is a w-ideal of T , Q
is a w-module over R [6, Lemma 3:1]. Thus we have Q=
⋂{QM |M ∈w-max(R)}=⋂{IM |M ∈w-max(R)}= Iw (as R-modules) [5, Proposition 3:4].
Now denote the w-operation on T by wT . We claim that Iw ⊆ IwT . If x∈ Iw, then
xJ ⊆ I for some J ∈GV (R), which implies that xJT ⊆ IT = I . By [6, Lemma 3:1],
JT ∈GV (T ) and hence x∈ IwT .
Therefore Q= Iw ⊆ IwT ⊆ QwT =Q, i.e., Q= IwT . Thus, since each prime w-ideal of
T is of 6nite type, T is an SM domain [5, Theorem 4:3].
Corollary 1.6 (Fanggui and McCasland [6, Theorem 3:4]). Let R be an SM domain
with w-dimR=1, and let T be a w-overdomain of R such that T ⊆ K . Then T is an
SM domain with w-dimT6 1.
82 M.H. Park / Journal of Pure and Applied Algebra 172 (2002) 79–85
Proof. Since R is an SM domain with w-dimR=1, K =Rwg by Lemma 1.2. Therefore
each w-overdomain T of R such that T ⊆ K is an SM domain by Theorem 1:5. Now
we claim that w-dimT6 1. Let Q be a nonzero prime w-ideal of T . Then P=Q ∩ R
is a nonzero prime w-ideal of R [6, Lemma 3.1]. Since R is an SM domain with
w-dimR=1, RP is a 1-dimensional Noetherian domain. TP , being an overring of RP ,
is Noetherian with dimTP =1 by Krull–Akizuki Theorem. It follows that nonzero prime
ideal QTP has height 1 and hence ht Q=1. Therefore if T 
=K , then w-dimT =1.
Corollary 1.7. If R is an SM domain; then so is Rwg.
Proof. By Theorem 1:5, it suMces to show that Rwg is a w-overdomain of R. Let
x∈ (Rwg)w, then Jx∈Rwg for some J ∈GV (R). Since J is 6nitely generated, there exist
M1; : : : ; Mk ∈w-max(R) such thatM1 · · ·MkJx ⊆ R. Thenwe haveR ⊇ (M1 · · ·MkJx)w =
(M1 · · ·Mkx)w ⊇ M1 · · ·Mkx since Jw =R. Therefore x∈Rwg.
Remark 1.8. If R is a Mori domain, then also Rwg is Mori, being a generalized trans-
form of R (see the next section).
However Theorem 1.5, indeed Corollary 1.6, cannot be extended to Mori domains.
This follows from an example given in the paper [7] of Heinzer and Lantz. In fact,
modifying an example of Hochster, they constructed a 1-dimensional quasilocal Mori
domain R that is contained in a nondiscrete valuation overring V . Since the maximal
ideal of R is divisorial, GV (R)= {R}, so V is a w-overdomain of R contained in
K =Rwg (Remark 1.3), but V is not a Mori domain.
2. Generalized transforms of Strong Mori domains
Let S be a multiplicatively closed collection of ideals of R and let RS= {x∈K | xA
⊆ R for some A∈S}. Then RS is an overring of R called the S-transform of R or
a generalized transform of R. It is well known that if R is a Mori domain, then so is
RS [10, ThNeorOeme 2]. We show that the analogue of this for an SM domain holds.
Lemma 2.1. RS is a w-overdomain of R.
Proof. Let x∈ (RS)w, then Jx ⊆ RS for some J ∈GV (R). Since J is 6nitely generated,
JxA ⊆ R for some A∈S. Now we have R ⊇ (JxA)v=(xA)v ⊇ xA. Hence x∈RS.
Theorem 2.2. If R is an SM domain; then RS is also an SM domain.
Proof. Since the SM domain R is a Mori domain, RS is a Mori domain by [10,
ThNeorOeme 2]. We claim that (ARS)v=RS, i.e., (ARS)−1 =RS for all A∈S. Let
x∈ (ARS)−1, then xARS ⊆ RS so that xA ⊆ RS. Since R is a Mori domain, there
exists a 6nitely generated ideal B such that B ⊆ A and Bv=Av. Thus we have
xB ⊆ RS and since B is 6nitely generated, there exists C ∈S such that xBC ⊆ R.
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Then R ⊇ (xBC)v ⊇ xBvC = xAvC ⊇ xAC. Since AC ∈S, x∈RS and it follows that
(ARS)−1 =RS.
Now let Q be a maximal w-ideal of RS and let P=Q∩R. Then by Lemma 2.1 and
[6, Lemma 3:1], P is a prime w-ideal of R. Since Q∈w-max(RS)= t-max(RS) and RS
is a Mori domain, Q is divisorial and so Q 
⊇ ARS for all A∈S. Then by [1, Theo-
rem 1:1], Q=PS and (RS)PS =RP . By [5, Proposition 4:6], RP is Noetherian, i.e.,
(RS)Q is Noetherian for all Q∈w-max(RS). Since RS=
⋂{(RS)Q |Q∈w-max(RS)=
t-max(RS)= v-max(RS)} has the 6nite character [3, Proposition 2:2], RS is an SM
domain by [6, Theorem 1:9].
Remark 2.3. (1) Fanggui and McCasland showed that any quotient ring of an SM
domain is also an SM domain [5, Proposition 4:7]. Since quotient rings are special
cases of generalized transforms, it follows from Theorem 2.2.
(2) Let S be the generalized multiplicative system of R generated by w-max(R).
Then Rwg=RS. Therefore Corollary 1.7 follows from Theorem 2.2.
Corollary 2.4. Let R be an SM domain. Then w-spec(RS)= {PS |P ∈w-spec(R) and
Pv 
⊇ A for all A∈S}.
Proof. Let Q∈w-spec(RS). Then P=Q ∩ R∈w-spec(R). Since R is a Mori domain,
we have Qv ⊇ (PRS)v=(PvRS)v (see the proof of [10, ThNeorOeme 2]). If Pv ⊇ A for
some A∈S, then Qv ⊇ (PvRS)v ⊇ (ARS)v=RS. But since Q is a prime w-ideal, Q
is contained in a maximal w-ideal, which is divisorial. Therefore Pv 
⊇ A for all A∈S.
This implies that P 
⊇ A for all A∈S, and that Q=PS [1, Theorem 1:1].
Conversely, let P ∈w-spec(R) such that (PS)w =RS. Then RS=(PS)v=(PvRS)v=
(Pv)S so that Pv ⊇ A for some A∈S. Thus if P ∈w-spec(R) and Pv 
⊇ A for all A∈S,
then (PS)w 
=RS. By [6, Proposition 1:1], PS ∈w-spec(RS).
3. Fanggui and McCasland’s question
Let {Ri}i∈I be a family of overrings of R such that R=
⋂
Ri and it is of 6nite
character. It is well known that if each of Ri is a Mori domain then so is R [11,
Corollary 4]. In [6] Fanggui and McCasland asked whether or not a similar result holds
regarding SM domains. We provide a negative answer to this question by constructing
an example.
Example 3.1. Let k be a 6eld of characteristic 0 and let X be an indeterminate over
k. Put k1 = k(X 2), k2 = k(X 3 + X 2). We claim that k1 ∩ k2 = k. Let u∈ k1 ∩ k2. Then
u=f1(X 2)=g1(X 2)=f2(X 3 + X 2)=g2(X 3 + X 2) where fi; gi ∈ k[X ] are relatively
prime, i=1; 2, and thus we have f1(X 2)g2(X 3 + X 2)=f2(X 3 + X 2)g1(X 2). Since
f1(X 2) and g1(X 2) are relatively prime (easy to check!), f1(X 2) must divide
f2(X 3 + X 2). Also, since f2(X 3 + X 2) and g2(X 3 + X 2) are relatively prime,
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f2(X 3+X 2) must divide f1(X 2). Consequently, f1(X 2) and f2(X 3+X 2) are associates
in k[X ], whence f1(X 2)= cf2(X 3 + X 2) for some c∈ k \ {0}. Write f1(X )= a0 +
a1X + · · · + anX n, cf2(X )= b0 + b1X + · · · + bmXm, where ai; bj ∈ k. Then we have
a0 + a1X 2 + a2X 4 + · · ·+ anX 2n= b0 + b1(X 3 + X 2) + b2(X 3 + X 2)2 + · · ·+ bm(X 3 +
x2)m. By comparing the coeMcients of both sides, we get a0 = b0 and ai =
bj =0 for all i; j¿ 1. Thus f1(X ); f2(X )∈ k, and similarly g1(X ); g2(X )∈ k.
Therefore u∈ k.
Let Y be an indeterminate over k(X ). Put T = k(X )[Y ] = k(X )+Yk(X )[Y ], R1 = k1+
Yk(X )[Y ], R2 = k2 + Yk(X )[Y ], and R= k + Yk(X )[Y ]. Then since T is Noetherian,
[k(X ): ki]¡∞, i=1; 2, and [k(X ): k] =∞, we can conclude that R1 and R2 are
SM domains (moreover, Noetherian domains) but R is not an SM domain [9, Propo-
sition 3:7]. Note that R=R1 ∩ R2.
While the answer is negative in general, we can give an aMrmative answer under
additional hypothesis such as the following:
Proposition 3.2. Let {Si}i∈I be a family of generalized multiplicative systems of R
such that R=
⋂
RSi has the 8nite character and each of RSi is an SM domain. Then
R is an SM domain.
Proof. Since each of RSi is a Mori domain, so is R=
⋂
RSi [11, Corollary 4]. Let
P ∈w-max(R); then P is divisorial. Suppose that for each i∈ I , P contains some
Ai ∈Si. Denote the v-operation on RSi by vi. Then P=Pv ⊇
⋂
(PRSi)vi ⊇
⋂
(AiRSi)vi
=
⋂
RSi =R (see the proof of Theorem 2.2), a contradiction. Thus there exists i0 ∈ I
such that P 
⊇ A for all A∈Si0 . Then PSi0 ∈w-spec(RSi0 ) (see the proof of Corollary
2.4). By [1, Theorem 1:1] RP =(RSi0 )PSi0 and it is Noetherian because RSi0 is an
SM domain. Finally, R=
⋂{RP |P ∈w-max(R)= t-max(R)= v-max(R)} has the 6nite
character [3, Proposition 2:2]. Therefore R is an SM domain [6, Theorem 1:9].
Remark 3.3. [9, Lemma 3:6] is a special case of Proposition 3.2 in which each Si is
given by {sR | s∈ Si} where Si is a multiplicatively closed subset of R.
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